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0. Introduction
Let C be a complete non-singular curve defined over rn algebraically closed
field k and let X be an invertible sheaf of positive degree on C. J. Wahl de-
fines a natural map
Ri : A2r(C, X) ―> T(C, wcRXR2)
given by @s(sAt)=s(dt)-t(ds) where s, t^F(C, X) (see [18]). This notation
is locally defined and well-defined on C. We often call this map a Wahl map.
The original study of a Wahl map is the study of 0a>c where o)Cis the canonical
sheaf on C. This map is very much useful. For example it gives a property
which must be satisfiedin order that a curve sits on a K3 surface. Precisely
if C lies on a K3 surface, then 0Q>C is not surjective (see [17]). In [3], we
have that if C is a general curve of genus 10 or 2^12, then 0a>c is surjective.
This result gives an answer of Mukai conjecture. Let X and 3i be two inver-
tiblesheaves on C and let
cup product
$.{X, ^)=ker [F(C, X)Rr(C, M) > F{C, XRJH)~] .
In [18], Wahl constructs another Wahl map
Rx.3i: &(X, M) ―> r(C, o)CRXR3l),
(if X=JH, then A2F(C, X)c*$l{XRX) and Rx.£=Rx)- And he proves thai
if deg(jT)^5g+2 and deg(JM)^2g+2, then 0£,jhis surjective,and if C is e
non-hyperelliptic curve and deg (X)^5g+2, then Ru>c,£ is surjective. These
results give several informations about first ordered deformations of a cone
over the Cc*P(P(C, X)) when X is a normally generated (very ample) inver-
tible sheaf on C (if deg(J7)^5g+2 then X is clearly normally generated (anc
very ample)). For example we hav9 that if deg(.T)^5g+2 then a cone ovei
a non-hvoerelliotic curve embedded bv X has onlv one canonical deformatior
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from the above results (see [17]). @x also has a geometric meaning. The
geometric aspect of a Wahl map is the following. Let X be a very ample
invertible sheaf and Cc^F771 is an embedding defined by X. Then we can con-
sider a Gaussian map
g: C―> Grass (P＼ Pm)
which is given by g(p)=the tangent line of C in Pm at p where Grass(P＼ Pm)
is a Grassmannian variety of all projective lines in Pm. Let
c:Grass(P＼ Pm)c^^PM
be a Pliicker embedding. Then the restrictionmap
g*c* : F{PM, OpuiX)) ―> r(Pu, g*c*OPM(l))
gives the above @x- Sometimes we call the image cg(C) a dual curvs of C.
If @x is surjective, then the dual curve cg(C) is linearly normal and if O£ is
injective, then the dual curve cg(C) is non-degenerate. Therefore the above
dual curve cg(C) is linearly normal if deg (X) is sufficientlylarge. In this
paper, we want to generalize a Wahl map from the viewpoint of projective
geometry. The notion of dual curve is generalized as follows. Let C^Pm be
a birational morphism to its image, let
gn:C >Grass{Pn, Pm)
be a Gaussian map defined by gn(p)=the osculating tangent n-th plaine at p
and let
cn: Grass(P＼ Pm) c=_^ PMn
be a Pliicker embedding. Then the image cngn{C) is also called a dual curve,
and in projective geometry, whether cm-igm-＼(C) is linearly normal or not and
whether cm-igm-i{C) is non-degenerate or not are very big problems. These
conditions are equivalent to surjectivity or injectivity of g^_i^_i. Let X be a
very ample invertible sheaf on C. In section 1, we define a generalized Wahl
map
OT : AnT(C, X) ―> T(C, oRn<n-1"2RXRn)
which is equal to gtct if deg (X) is sufficientlylarge. Unfortunately we can
not give the sufficientconditions for surjectivityor injectivity of gti-itm-i- But
in the sections 2 and 3, we have the following main theorem:
Theorem. Let C be a non-singular curve of genus g defined over an alge-
braically closed field k and let X be.an invertible sheaf on C. We assume that
char(k)=0 or char(k)>deg(X). If deg(X)>(g-l)(2n2-2n+3)+2(n2-l), then
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@(x) is surjective.
I would like to express my sincerely gratitude to Professor Masaaki Homma
for his helo and continuous suooort.
Notations
char(&): The characteristicof a field k
Oc '■The structure sheaf of a variety C
o)c: The canonical invertible sheaf on a non-singular variety C
f*: The pull back defined by a morphism /
deg(J7): The degree of an invertible sheaf X
OC{D): The invertible sheaf associated with a divisor D
F(C, 3): The global sections of a sheaf SF
H%C, 1): The z'-thcohomology group of a sheaf £F
c,: The symmetric group of degree n
AnF: The exterior product of a vector space V
V* : The dual space of a vector space V
2 ^ ･ The direct sum of vector spaces F^ (iGvl)
V($)W: The direct sum of vector spaces V and PF
P(V): The projective space of all 1-dimensional subspaces of V
GrassiP71, Pm): The Gramann variety of all n-plaines in Pm.
1. The definition of a higher WaM map and its basic property-
Let C be a complete non-singular algebraic curve of genus g defined over
an algebraically closed field k and let X be an invertible sheaf on C. Through-
out of this paper, we assume that char(&)=0 or ch&vikXdesiX).
Definition 1. Let V be a vector subspace of F(C, X). We define the n
Wahl map
0p) ; Any > p(Qf tt,gn(n-i)/2(g)_fR≫)
hv
<^n)(siA ･･■As≫)=
If V=T{C, X), we dafine0^ to be R{vn)
Si -d"-^
C ... Hn~lQ
This definitionis well-defined. Because if n = l, then the proof is found in
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Wahl [18] (see p. 77) and if n>l, then the proof is given by the same argu-
ment.
Definition 2. Let V be a finite dimensional vector space over k. Then
for each xxA ■･■/＼xn,yx/＼■■･Ayn^AnV, we define
[xxA ･･･A^jAE^iA ･･･Ajn]
=Y(-l)B+1(*iA ■･･AxnJli(-l)i-lyiRy1A ■･■AytA - Ayn
-3>iA ･･･A^nA S C-lV'^i^iA ･･･A**A ･･･AxB)
where x means that the term x is omitted.
Clearly this definitionis also well-defined. In the above definition,
Xi/＼･･･A*jAOiA ･･･Ayn~l
is contained in An*1V<g>An~1V. According to Definition 1 and Definition 2, we
have the following lemma:
Lemma 1. For every xlf ･･･,xn_u yu ･･･, yn_x^r{C, X), we have
R$>nR$-*(LxlA ■■■A*≫_i]A[:yiA ･･･Ayn-i})
= 0^n-lHn-t)lt9X9n-l(OlX~lKXiA - A %n-i)A ^^"^(^l A - A^n-l))
Proof. By the definition,
0lPn0{r2H[x1A ･･･AXn^lAlyiA ■■■Av≫-i])
= -|(-l)n0!rB)n0!rB~8)(*iA ･･･Axn_lA^i(-l)i-1yi<^yiA-/＼yiA--Ayn-i
Xi ■･･ dn~xx
=i(-D"(s1(-i)<-1
y
n-1
- S (-1)'"1
<=1 yn-i
Xn-1
･･･ d≫-lyt
dn~lyi
dn~lyn-i
dn-lxt
Xi
>Xi
3>i ･･･ dn~3yi
>yt dn *yt<
y n-＼ ≪ yn
dn-zxt<
An_i a A n_i
)
1
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where > < means that thislow (or column) is omitted. First we calculate the
firstterm of the right-hand side of this equation.
x1 ･･･ d1*"1*.
(-D'sVd*-1
r ... /7n~l x
An-1 U- ■*n-l
yt ■■■ dn-lyi
=(-l)2n S1 S (-l)'*'-1^"1^)
X,
V
■･･ dJ~ix1 ■■■ dn~1x1
^tj-1 ■■■d %n-i ■■■dn xn_
A
sc-iy^fsc-D*-^'-1*)
X,
V
dn X,
A
n /ra-1
j=i Vt=i
Xi
■^re-i '""
V
dj-1
dj-'x
A
dj
0
lyt
0 y
yi
Ji
xt ･･･ dn~l
71-1
... ffn-l v
yi ･■･ da~iy1
>yi ■- d"-*yt<
y n-＼ & Vn-l
y*.
>yt ■･･
d n-zyi
dn
)
33>t<
J>n-1 " y-n-1
3>i ･･･
>yt ■■■dn~3yi<
yn-l O- y n-
dll-iyl
dn-*yt
-dn->yn_1
)
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s c-iy-1
Xi
dJ
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1
dj'1
yi y
yt y
dj-lyn-i
V
1
i
■･･ dn~3y1
･･･ dn-3yi
ii .Jn-3,,,
dJ~1x1 ■■■d71'1
A
yi ■■■dn 33>i
Ji ･･･ dn 3yt
yn-i ･･･ d"~33>n-i
yi ･･･ &n-2yx
yn-i ■■･dn 2yn-i
Xi
Xn
dn-2xx
Vi ･･･ dn~2yi
Vn-1 " y n-l
Xi
d^y,
dn~lyt
d^Vn-i
)
X,
Xn-1 "'
dn-t
dn
Xi
2r
x, ■■■dn~zxx dn~lxx
xt dn
r ... rlnAn-l a
-3
-3
Xi dn -lr
X>n-＼ d Xn-l
3>i ･■･ dn~2yi
yn-i ■■･dn 2yn_1
X, dn~ixl
d
r ... /Vk~2j-
=(0^-1＼x1A ･･･Axn^1))d(0^1＼y1A ■■■Ayn-i))
= ^t≫.l)(≫-≪/.8^-^!f-1)([*lA-AXn-,])
A^-^DViA-Ay.-i])).
We can calculate the second term in the firstequation in the same way, and
we are done. Q. E. D.
Lemma 2. // V is an {n-＼-l)-dimensionalvector space, then we have an iso-
morphism
g : A2(An~1F)cA7l-3F ―-> AnVRAn~2V .
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The isomorphism g is given by
gOiA ･･･A-^n-iA^iA ･･･Ayn-u o)
= [>iA ･･･A*B-i]A[>iA ･･･Ayn-i~]~＼-dA<r,
n
where d= S (―l)n~ie0A ■･･A^A ･･･AenRei and e0,■■■,en make a basis of V
i=l
Proof, if e0,･･･,en^V and O^zo^n, ･･･,0^in^n, then
LeioA ■■■Aei^Ale^^Ae^A ･･･Aeira_3]
-(-l)≫-{gioA ･･■Ae^Ae^Jfg^A ■･･Aein_3
-(ein^AeioA - Aein_zA{-l)n-zein_z)R{eioA - Aein_B){
= (~l)n(eioA ･･･Aei^XgX^A - Aein_3),
and
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= (-ir-(eiflA ･■･Ae^Xg^A^A ･■･Aei?i_4)
-(eiQA ■■■Aei^AeiJ^et^Ae^A ･･･ Aein_4)
-(et^Ae^Ae^A - AeiB_4A(-l)B-8eiB_8)(8)(e<0A - Aeire_4Aein_3)
-(eiB-:AeiBAeioA - Aeire_4A(-l)ra-2ein_2)(g)(eioA - A^^A^J
= {-iy-(eiQA ■■■Aein_^ein-eioA - Ae^^Ae^^e^^
-e*0A ･■･A^^.Ae^^Aei^i,^
+ eioA ･･･AeiB_4Aein_,AeiB_1Aein(8)eiB_3)AeioA ･･･Aein_4
where e%, ■･･, e£e AnV = V* is the dual basis of e0,･･･, en. Therefore
[eioA ･■･Ae<7,_a]A[ein_1A0inAeioA - Aei?l_4]
(-ir(<0^n+<_1(g)eire_1-|5)A^oA - Aein_4.
Therefore a basisof AnVRAn'2V is containedin g(An~1V)RAn'3V). Hence
g is surjective.Moreover
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dimJk(A8(AB-1F)cF)=(n + l)
(n+l)n(n-l)
3-2-1
dimk{hnVRAn-*V)
Hence g is an isomorphism. Q. E. D.
Lemma 3. // 3= S (-1)""VOA ･･･A^A ･■･AeneA"F(g)F where V is an
t=0
(n+l)-dimensional vector subspace of F(C, X) and e0,■■■,en make a basis of V,
then
Proof. By the definition,
RTr＼idv{d)= S (-ir-^TieoA ･･･AiiA ■■■Aen)ei
t=0
= 2 (-I)*-'
e
0
= (-l)"S et
i =0
01
=(-!)≫
= 0.
Therefore we have the result.
&i
≪1
･･･ dn-1e1
■■■dn~iei<
■■■dn"en
0
et
･･･ dn-leY
Hi ･･･ dn'let
en ･･･ dn~len
dn~1e1
dn'lei
en en ･･･ dn len
0i
Q. E. D.
2. Generalized Castelnuovo's lemma
In this section, we will give a generalization of Casteinuovo's lemmas in
Wahl [18] (p. 86 Theorem 2.6.)
Definition
eF be a basis.
3. Let V be a vector subspace of F(C, X) and let su ･･･,sN
For any p^C, if
On the hiSher Wahl maps
I S1(P)･■･dnsl(p) ＼
rank | I =n + l
＼SiV(/>)･･･dnsN{p)j
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then we say that V is n-immersive. In particular if n ―＼,then we say that V
is immersive.
Definition 4. Let V be a vector subspace of F(C, X). If dlmk(V)=n,
then we call that V is an n-net.
Lemma 4. Let X he an invertiblesheaf on a curve C of genus g. If deg(X)
^2g-＼-n, then a general {n+2)-dimensional subspace of F{C, X) is an n-immer-
sive(n-＼-2)-net.
Proof. By the same argument of Hartshorne (see Hartshorne [9] p. 310
Poroosition 3.5.).we have
dim( U (osculatingtangent n-plaineat p^CdP(r(C, X)*)))^n + 1
This completes the proof. Q. E. D.
Lemma 5. Let X be an invertible sheaf on C, and let V be a vector subspace
of F(C, X). If V is an (n ―l)-immersive, then a sheaf hornomorphism
AnV0Oc ―> a)fB<B"1)/!!(g)^>R71
induced by 0yn) is surjective.
Proof. Let s,,･･■,s7teF. Then we have
0lvn)(s1A ･･･ Asn)(P)=
Si(P)- d^'srip)
Sn(P) ･･･dn-lSn(p)
for every p^C. As V is (n ―l)-immersive, therefore this completes the proof.
Q.E.D.
The following definitionand lemma are famous (see Hizeburch [11]).
Definition 5. Let CW and W be locally free sheaves and let 3 be an in-
vertible sheaf. Suppose that a sequence O-^W ■^■'W―≫ff-^O is exact. The the
homomorphism /＼v(b:ApcW-*SRAp-lcW is denned by
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V
Ap<p(w1A ･■■Awp)= 2 ( ―ly^WtiWiA ■■■AiOiA ■■■Awv .
Lemma 6. The above Ap<p ?s surjective and induces an exact sequence
f＼p9 AP<P
0 ―> APcW ―> [＼VCW―> 3RAp~lcW ―> 0
Proof. See Hirzeburch [11] p. 55 Theorem 4.1.3. Q.E.D.
Let V be a finitedimensional vector space and V* be a dual vector space
of V. Let 9eF(g)F* = HomA(F, V) be an element correspondingto the identity
id. We considerthe Koszul complex
3 3 3
Ji: 0 ―> Op ―> V*<g)Op(l)―> A2F*(g)0p(2)―> ･■■
denned by 3(/)=/a3 for /e A^*R^') (*"=1,2,･･･)where jP=P(7*).
Lemma 7. T/zeafeoyeKoszul complex K is exact and theimage sheaf
3
im(d)=im(ApV*ROp(p) ―> Ap+1V*(g>OP(p+ l))
is isomorphic to /＼VTP,where TP is a tangentsheaf on P.
Proof. If p=l, thisis obvious (for example, see Hartshorne [9] p. 176).
If p is arbitary,then thisfollows directlyfrom Lemma 6. Q. E. D.
Definition 6. Let V be an (n―l)-immersive (n+l)-net. A locally free
sheaf Qn is given by
Qn=ker (f＼nVROc ―a)gB(B-1)/2(gu:RB).
Remark 1. As $^n): ABV"(g)<V-+a>cB(B~1)/1!<8>-£RBis surjective, Qn is a locally
free sheaf of rank n.
Let V be an (n-l)-immersive (n + l)-net. As V*=AnV, 5eF*(g)F is
given by
3= 2 (-l^-VoA ･■･A≪iA ･■･AeB(g)ei.
Therefore 9 is contained in F(C, Qn) by Lemma 3 in §1. As F is (n―1)-
immersive, V is base point free, so F defines a morphism C―*P(V*). We
restrict the above Koszul complex Ji to C―>P(F*) and we have the following
exact sequence:
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d d d
(B): 0 ―>OC ―> V*(g>X ―> A*V*RX ―> ■･･.
As d^F{C, Qn), d definesthe following complex:
d d a
(A): 0 ―* Oc ―> QnRX ―≫A2QnRX ―> - ■
where the map d is definedqy d(/)=/Ad. Moreover we considera complex
(C)=(yl)(g)a>§7iCra"1)/2(g)j:Rrt:
a
0 ―>cal§nln-1)ia^Xe>n―> QnRo)fnn~l)l2^XRnJrl
o
By Definition6, we have the followingshort exact sequence:
(1):0 ―> QnRX ―> V*RX ―> o)fB(B-1)/20J:RB+1―> 0 .
Therefore we have the followingshort exact sequences by Lemma 6:
aV aV
(i):0 - A'Qn^X^ ―> A'V^XR' ―> o)gB(B-1)/20^:RB+*(8)A*"1On― 0
where i=l, 2,･･･. Hence we have the followingdiagram:
0―>
0
I
Oc
＼
0―> QnRX
1
0―> A2Qn
ia
(/i)
9
AV
0
I
I
v*<gu:
I
(Ill)
AV
0
i
0
1
I
―>0
―>0
(gu:R2―> a2i/*j:R2 ―> a)^n^-l^2^xm+2^Qn ―>o
I
0―>
I
0
i
0
I
Uln)
An<P
i
n > /＼≫y*(g)_£Ri≫ >0)'§ni>l-1)/2Rj:R2nRAn~1Qn >O
(/≫+i) I (//≫+x) I
―> A"+1F*(gL/?Rre+1 -^-* (t)'%n(n-1)l2(g)£R*n+1<g)AnQn ―> 0
I
0
1
0
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where <p=@f＼
Lemma 8. The above diagram is commutative.
Proof. It is easy that (/*) part is commutative for i―l, 2, ･･･. Because
)(A*~ty)(*tA ■･･A*i-O)Ad=(AtyX*iA ･･･A^t-iAS)
by the definition of (A) and (B). We now show that (//*) part is commutative
for z=l, z, ･■･･This is equivalent to
((A^VX^A ･･･A*i_i))Ad=(AVO(*iA ･･･/＼Xi-i/＼d)
for
and
= 1. 2. ･･･. As
(A'-tyiXiA ■■･Axi_1)A3= S(-WWJCiA ･･･AxjA ･･･Axi=1A3
(A*0X*iA ■･■A^t-iAS)
i-l
= S( ―ly^x^XiA ■･･A*/A ･･･ Ax^xAS,
we have the commutativity of (//*) by Lemma 3.
Lemma 9. The complexes (A) and (B) are exact.
Q.E.D.
Proof. As the exact sequence (1) splitslocally, there is a local section ix
of <p. We put ci=Aic (2=0, 1, ･･･)and puty>i=Afy (i=0, 1,■･･)･By the defini-
tion of d, it is clear that dco=Cid. Therefore we have cm+id=dcm and cm<pm=id.
Hence the exact sequence of complexes
0 ―> (A) ―> (B) ―> (C) ―^ 0
splitslocally. As (B) is exact, therefore (A) and (C) are exact complexes.
Q.E.D.
Lemma 10. Let V be a subspace of F{C, X) with dim* F^n + 1. If V is
(n + l)-immersiue, then the subspace
0!cB"1)(AB-1F)cr(C, a>£B{B-1)/8<g)-£RB-1)
is immersive.
Proof. Let xu ･･･,x^gF. Then
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^l2i≫(≫-i)/28X≫-i(^!f-^(^xA ･･･Axn.1)A0T-1＼xnAx1A - A *,-*))
xx ■■■dn~lxl
r ･･･ Hn~1 x
dn-*x
r ... rlnAn_2 (I Xn-2
Hence for every />eC there are some v,d'gA^'F such that
*3i-(≫-≫/i.j:8.-i(^?"1)(v)A^t"-1)(i;/)X/≫^0,
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because V is (n―l)-immersive. Therefore we have the result. Q. E. D.
Lemma 11. Let S be a locallyfree sheaf on C, let V be a subspaceof
F(C, e) and let K be a function field of C. If the canonicalmap V0kK-^
8<$s)ocKis injective,then VRkOc is subsheaf of 6.
Prfoo. This is obvious. Q. E. D.
Lemma 12. Let V be a subspaceof F{C, X) with dimkV = n + l. If Wo is
a general 3-dimensionallinear subspace of An~1V, then a compositionof two
canonicalmaps
AW0(g)Oc ―> AnVRAn-zVROc ―> TPra|C(gto§<"-2'(n-3>/2(g)j:R≪-3
is injective.
Proof. This condition is an open condition. Therefore we construct an
example of Wo which satisfiesthe property of this lemma. Let xu ･■■,xn+1 be
a basis of V and let W0=[xlA ■■■Axn_u %nA*iA ･･･<xn-2, ^n+iAxjA ･･･A
xn_2]. By Lemma 2, a basis of 0^r＼0^-2)(A2Wo) is {xx/＼･■･A^n)(8)(≪iA -
Axn.2), (*iA ･･･A^n-iAxn+1)^(iiA ･■･Axn^s), (xxA ･･･A ^re_2A^nA xn+1)(g)
(x,A ･■･A^n-z). Therefore we can construct an example of Wa. Q.E.D.
Lemma 13. Let V be (n ―l)-immersive and dim*(V)^M + l. // Wo is a
general ^-dimensional linear subspace of A""1^, then 0ix~1)(Wo) is an immersive
net.
Proof. This condition is also an open condition. Therefore thislemma
follows from Lemma 10. Q. E. D.
Lemma 14. // VdAn~lV is an(n ―＼)-immersive(n-＼-l)-net,then there is an
n-dimensional suhspace WcA^A""1^) such that
(1) there is IfocA*"Y such that dim*W0=3, A*WoaW and Rf(W0) is im-
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mersive net,
(2) A2WoROc->AnVRAn-2VROc―TPnwRa)%(n-2"n-3"2Rj:Rn-3 is injective.
Proof. By Lemma 12 and Lemma 13, there is a 3-dimensional subspace
WodAn~1V such that
(1) there is WodA71'^ such that dim*VF0=3 and ^'(Wo) is immersive net,
(2) AWo0Oc―AB7(8)AB-870Oc->TPn,c^)ft>g(n_2)(n_3)/2(8)=rRn"3 is injective.
As O-^c^A^tgL^TW―0 is some W(ZAnV0An'zV such that (AW,0f)
(g)/C=TPn|C(g)Oc(g)A:. We put W=A2W0(BW. By Lemma 11, we get the result.
O.E.D.
Definition 7. Let V(zF(C, X) be an (n ―l)-immersive (n+l)-net. By the
following exact commutative diagrams, we define a locally free sheaf Sn :
0
I
Oc
I
O-^QnR-C
0-->
I
I
0
id
<p
0
I
Oc
＼
i tagncn-i)/"R^R"*! > 0
1 l≪
―> TPn＼c ―>G>gn("-1)/2(gu:0"+1―*Q
i
0
Let WodA71'^ and W(ZA%An~lV) be vector subspacesin Lemma 14. By the
followingexact sequences,we definelocallyfree shaaves QWn and QQ:
and
0 ―> Qo ―> WROc
<^
(uR(n-l)(n-2)/2(gl_f(gin
+l
-3n + 3(CA rR2n-2 > Q
$a)R(rc-l)(n-2)/2|gl_£R7l+l
0 ―> Qw0 ―> A W0(g)Oc
°
≫ of2-""'R^ ≪*≫-*―> 0
Proposition 1. We have the following exact sequences:
(A): 0 ―> Oc ―> QnR-C ―> en 0
(B): 0 ―> Qo ―> <?n(g)o)f("-2)(re-3)/2(g)j:Rn-3―> {torsion sheaf) ―> 0
(C): 0^
(D): 0―>
QWo
(a# (n-l)(n
On the higher Wahl maps
Qo ―->WROc ―> 0
2)/2
Q9-L ) > Ww0
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> (ftjRl+((re-l)(n-2))/2(CAj->R≪-l＼ig>-l> Q
where W=W/(A2W0).
Proof. The sequence (A) is given by the definitionof n. Now we con-
sider the sequence (B). By Lemma 14, we have the followingcommutative
exact diagram:
0 ―> <£?BRa$(≫-8)(≫-≫)/≪0^Rn-≫―>
0―> On ―>
TpB,c<g)a$<B-2><B-3>/2<g).£RB-s ―> a)%n2-3n+*Rxmn-2 ―> 0
A
inclusion id
w<gxDc * o>gn2-3n+3(g)j:R2n-2 ―^ o
^giU-l) (n-2)/2(glj:Rre+l
Therefore there is an injective morphism:
As Qo and <£?B(g)<wg(n-2)(B-3)/2(g>_£RB-8are both locally free invertible sheaves of
rank n―1, hence we have (B). By the exact sequence
0 ―><?,―> WROc ―* Gjg*2-1"^8R^R*"-2 ―> 0 ,
the following exact commutative diagram is obtained:
0
I
0
I
0―> Qwo ■―> A2W60Oc―xo^n2-Sn+30Xmn-2―>O
o ■―> Qo -―> wRoc ―> o>g≫2-3n+3(g)j:R2n-2―> o
0 ―> WROC
id
I
I
0
i
0
I
0
―>0
Therefore we have the exact sequence (C) by the snake lemma. As Wo is an
immersive net, the exact sequence (D) is obtained by the definitionof Q2 (see
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Wahl [18] p. 85 Lemma 2.4.). Q. E. D.
By these lemmas and proposition, we have the following theorem which is
a generalization of Castelnuovo's lemma in [18].
Theorem 1. // VdFiC, X) is an (n ―l)-immersive (n + l)-net and if £Fis
a coherent Oc-module on C such that
H＼C, J?R-2(g)ff)=0,
H＼C, (≪g(n-2)("-3)/2(g)j:Rn-1)R~1(8)ff)^0,
H＼C, (G)gn2-4n+4(g)j:R2ra-2)R-10£F)=O,
H＼C, (ft)gn2-4ra+B(g)j:R2'l-T-I0g)=o,
then a canonical map
AnF(g>r(C, j:R-1^^) ―> r{C, <ygn("-1>/2(g)XR'l-1(g>£F)
which is induced by an n-Wahl map 0{f is surjective.
Proof. We put (A＼=(A)(^X^-2^, (B)1=(B)0(a)$(n-2nn-S)'2^XRn-1)R''1
0ff, (C)i=(C)(g)(a≫?(B-2)<B-8)/20^RB-1)R-1(8)2r,(^^(Z))^c?^-2^11-8'^^R11-1)R-1
03". By (B)lt we have the following two exact sequences:
0 ―> (kernel) ―> (?o0(o>g("-2)(n-3)/20j:Rn-3)R-1£F―> (image) ―> 0
0 ―> (image) ―> <?n0J7R"20gr ―> (torsion sheaf) ―> 0 .
By the exact sequence (D＼ and an assumption, we have that
H＼C, Qw,o(g)(ft>§("-2>(n-3)/20j:Rn-105)=O.
Therefore we have
H＼C, <5o0(o>§("-2)(re-3)0XR"-1r-10ff)=O
by the exact sequence (C)u Hence
H＼C, 5n0j:R-20£F)=O
by the exact sequence (B)1 because C is one-dimensional. And
H＼C, Qn0j:0-10£F)=O
by the sequence (A)x. Therefore we have the result. Q. E. D.
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3. Application
In this section, we consider the surjectivity of 0{x)- Now we prepare
several definitionsand lemmas.
Definition 8. Let £x,■･･,£n be invertible sheaves on C. We define a
vector subspace 3t(Xlt ･･･,Xn)<Z.r(C, X,)R ･･･Rr(C, Xn) by
I] xjff(1>>(diixj^2≫)... (df≫-≫xj'(n)>) =0
j
SJcj1)(8)"-0JcjB>:O^h^l
i
n-l
and S*",<
s= l
O^tn
n(n ―
2
-1
1)
, for any <?e@n
Lemma 15. The above space $L(£U ■■■,Xn) is well-defined.
Proof. Let ft be a transition function of an invertible sheaf Xi and let
Xji)= xji)fi where x) and x) are local sections of Xi (/=1, ･･･)･ We assume that
a*j1)<8>-<8>*jn) satisfies
i
2 ^^'"(rf^xj^^O ■･･(d*≫-ix}ff(B)>)=0,
for 0^1,^1, ■･･, 0^iB_!^n-l, 2]j,<
s= l
we have that
d＼fx)=
n{n-
2
■
)
1)
and (?<=c,. As
(dax)(dn-sf)
i
= 2
Si=o
(;:)
in-1 /s (s
f ra-1
ra-1
Therefore we have the result.
Xjff(1>)(rf*l%}*(8≫) ■･･(d*n-i^(≪(n≫)＼
)',(i)(d<1-'1/.<.>)-(di≫-1"fB-1/.<≫))
Q. E. D.
Remark 2. If n―2, then Sl(£u £t) in Definition 8 is the kernel of a cup
product map
r(C, xl)^r{C, x2) ―+ nc, j:1Rx2)
because
j
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in the only relation in Definition 8.
Definition 9. Let r=Sxj1)(g) ■･･£g)xjn)e 3U.A, ･･･,xn). We define the
rc-Wahl map
Ox1.....xn■&Ui, -, -Cn) ―* r(C, a$*in-i≫iRj:lR ■■･Rxn)
by
OXl.....xn(t)=0x1.....xn(llx^<S}-<S)x^')
Lemma 16. The above Rxv...,£nis well-defined.
Proof. Let /f be a transition function of an invertible sheaf X{ and let
jc}*>= xj'>/i(≪=1, ･･･). Then
23
i
( 2 sgn{<j)xyw＼dxfW))---(dn-lx＼{n)))＼
＼oeen '
＼uj ＼un j
= S( 2 s^n(<rW<1≫(rfxi≪'<8≫)-(dB-1xj<'(B≫)V/1 ･･･/,)
Thus we have the result.
and
Q.E.D
Lemma 17. Assume that xu ■■■,xn^F{C, X), then §l{£, ■■■,X) contains
S sgn(a)xa(1)R ･･･(g)xCT(n)
0Sl,....xn{S sgn{o)xaMR ■■■Rx,(B))=0£)(*iA ･･･A*re)
1 n＼<re@n /
Proof. If O^^l, ･･･, 0^in-i^n-l and
"s/s<^―-,
then 0, ilt･･-,in_x
S=l Z
are not all distinct. Therefore SL{£, ■■･,X) contains S sgn(o)xall)(g) ■･･Rxaln>
by Definition 8. Moreover
On the higher Wahl maps
1 Wcre /
―r S sgn(r)( a sgn(<7)*(ffr(i))(d*()Tl(8)))･･･(dB ^(^(n))))
S sgn(a)x(a(1))(dx(a(z))) ･･･(dn 1xlaln)))
= R(I＼x1A ■■■Axn).
This complete the proof. Q. E. D.
LEMMA 18. The image of 0xv-,x is equal to the image of 0lJ＼
Proof. Let r= S xj1}(g)･･･(g)x^n)be an element of &(X, ■■･,X). Then
_ 1 T
xjn) ■■■dn~xxf^
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= -tj-2 0!r)(*iA ･･･/＼xn).
Therefore the image of 0x,-,x is contained in the image of 0(JK The converse
is clear bv Lemma 17. Q. E. D.
Lemma 19. Let Xu ■■･,Xn and S be invertible sheaves on C. Then the
following diagram is commutative:
cup product
SL(JCU ■■■,Xi, ･-, Xn)Rr{C, 2) >
cup product
r{C, a%nin-l)l*RJ:iR ･･･R-£iR ･･･RXn)Rr(C, i?) >
SL(XU ■■■, XiR&, ■■･, Xn)
RXv....£t9!e...,Xn
I
Proof. This lemma is clear by the same calculations as in Lemma 16.
Q. E. D.
Lemma 20. Let X and M be invertible sheaves on C. If deg(X)^2g+l
and deg(M)^ then T(C, X)RF(C, c5K)-≫-r(C,£RM) is surjective.
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Proof. See Fujita [6] p. 168 Proposition 1,10, Q.E.D.
Proposition 2. Let X be an invertible sheaf on C. If
deg(X)^(g-l)(2n2-2n+3)+2(n2-l),
then there is an effective divisor A of degree g+n such that F(C, O(A)) is an
{n ―l)-immersive (n-＼-l)-netand
H＼C, (G)g"2-4n+5(g)(5(^)02n-T"1^)=O
Proof. If A is a general effective divisor of degree g+n, then
dim r(C, O(A-nP)) = l for every PeC. This implies that AC, O(A)) is an
(n ―l)-immersive (n + l)-net. Moreover the condition
H＼C, (G>fn2-4re+5(g)(5(^)R2n-2)R"1(8)^)=0
is also a general condition. Therefore we have the result. Q. E. D.
Now we prove the Main theorem.
Theorem 2. Let X be an invertible sheaf on C. If
deg(X)^(g-l)(2n2-2n+3)+2(n2-l),
then the n-Wahl map
RT : Anr(C, X) ―> r(C, g)^"-1"2R^R")
is surjective.
Proof. Let A be an effective divisor in Proposition 2. By Lemma 18,
Lemma 19 and Theorem 1, &oia),...cha),o(A).£is surjective. As
deg(X<S>O(A))^2g and deg(<i)T^n~l)liRO{A)Rn-lRj;)^2g+l,
a cup product map
ft: AC, <o$nln-1≫sRO(A)9n-1Rj:)Rr(C, X^Oi-A))R"-1
―> F(C, ft)gn(n-1)/2(g)j:Rn)
is surjective by Lemma 20. By Lemma 19 we have the following commutative
diagram:
r(c,fl>gB(B-i)/8(8)(?(i4)RB-i0x)0r(c,-£>0c>(-^))RB-i-^>r(c>Q>gB(n-i)/8(8)^R)
@O(A),-O<.A),O(A),1 R£,~,£＼
3l(0(A), ･■･, O(A), £)Rr{C, XRO(-A))Rn~l―-> SL(£, ･■･, X)
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As fi and 0ou).-cka),ou).x are surjective, we have that Ox-.x is surjective.
Therefore 0^n) is surjective by Lemma 18. Q. E. D.
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